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Abstract. This paper focuses the study on the L p — L q estimates on the 
solutions to an asymmetric wave equation with dissipation which arises in 
the study for the magneto-hydrodynamics by using the method of Green 
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1 Introduction 

We consider the following Cauchy problem of the asymmetric dissipative 
wave equation, 

u u - u XlXl = Au t , x = (xi,x 2 , ■ • • , x n ) G W 1 , t > 0, 

u(x,t)\ t=0 = u (x), (1.1) 

u t (x,t)\ t=0 = Ui(x), 

where A = d% + d% + ■ ■ ■ + d% , n > 3, and uq, U\ are given functions. 

Equation (11. II) is an asymmetric wave equation with dissipation and arises 
in the study for the magneto- hydrodynamics (see [2]). Due to the asymmetric 
structure of (11.11) . the energy method fails in making the L p — L q estimates, 
and new difficulties arise in the study for this equation in contrast to that 
for the symmetric semilinear and nonlinear wave equation (see [U El HI El El 
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El El E])- In this paper, we obtain the W — L q estimates on the solutions to 
f 1 1.1 1) by using the method of Green function combined with the technique of 
Fourier analysis. 

Notations. We denote generic constants by C. L P {1 < p < oo) is the usual 
Lebesgue space with the norm || • \\lp, W m ' p ,m G G [1, oo] denotes the 

usual Sobolev space with its norm 

m 

ll/lk».*:=(£l#/lS)*. 

k=0 



2 Green function 

The corresponding Green function to f 1 1.11) satisfies the following equation, 

G tt - G X1X1 = AG t , x G R n , t > 0, 

G(x,t)\ t=0 = 0, (2.2) 

G t (x,t)\ t=0 = S(x). 
By Fourier transformation we get that 

r d tt + \t\ 2 c t + HG = o, e = 6, • • • , &o g M n , t > o, 



< G(£,t)| i= o = 0, 

, G t (e,t)it= = i. 

It yields that 



(2.3) 



Ao 



where A± = d£±^E3 Ao = yuir^ig. 

By Duhamel's principle we know that the solution to (11.11) can be ex- 
pressed as following, 



u(x, t) = (d t — A)G * u (x, t) + G * ui(x, t). 



(2.4) 



Denote A = {£ G R n ; |£| 2 < 2\&\}, B = {£ G R»; |£| < 1}, £ = {£ G 
K n ;|£i| < |£U £' = (£2, •••,&), and D r = {(6 R»; |£| 2 < r|^|}, r > 2. 
Define A c the complete set of A, and 5°, _D£, E c can be defined similarly. 

By direct calculation and induction we have the following lemma. 
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Lemma 2.1 

d t (d t + \z\ 2 )G(^t) = -e 1 G^t), 

V/i > 1, if£ e 5, toen 

af +i G(e,t) = o(ier /i+2 )G(e,t) + o(iei 2/i )G t (e,t), 
af +1 (^ + iei 2 )G(e,t) = o(iei 2ft+2 )G(e,t) + o(iei 2/i+2 )G t (?,t), 
df +2 {d t + iei 2 )G(e,t) = o(iei 2ft+4 )G(e,t) + o(iei 2/i+2 )G t (e,t). 

If£eB c , then 

d? h G(t, t) = o(ier- 2 )G(?, t) + o(iei 4/i - 2 )G t (e, *), 

df + \d t + |?| 2 )G(£,t) = Ofl^G&f) + Om 4h )G t (t,t), 

d? +2 {d t + \tf)G{^t) = o(\e h+2 )G^t) + om 4h+2 )G t ^t). 

By direct calculation we have the following estimates on t) and G t (£, i). 
Lemma 2.2 If £ e D r , r > 2, tfien 

|G(^OI<te-Tl€l a ', |G,(e,t)|<(l + |e| 2 t)e-^, 



.,.2 • 



here, m = 1 — ^/l 

Proof. If £ e A, then |£| 4 < 4£ 2 . In this case, 

y/|g| 4 -4Sf ^ v /|g| 4 -4gg 



e 2 * - e 3 * _^p t g(oVi€i 4 -4e; 

G(£,t) = e 2 ; = te 2 e 2 

Viei 4 -^ 2 



for some 0(f) e (-1, 1). It yields that < *e"^K 

Similarly we have that 



\G,((,t)\ 



2 2 

If £ G A c n D r , then 4f 2 < |f | 4 < r 2 f 2 . In this case, 



<(l + ie| 2 t)e 2 



Similarly, we have that 

\G t (m<(i + \zft)e- lj: *^ m . 

So the lemma is proved. □ 

Denote Gi(£,t) = x(€)G(£,t), where \ G C °°(R n ), suppx C D r+1 and 
X\d t = 1- Then we have the following estimates on Gi (£,£). 

Lemma 2.3 For any multi-index a and non-negative integer I, we have that, 



(1). 


\\(-rd l A(;t)\\L-<cr^- 




(2). 


||(0°#(ft + IT)Gi(-,f)IU« 




(3). 


||(-) Q a|G' 1 (-,t)|| L2 <cr¥- 


' l — 1 1 n 
L 2 J 4 


(4). 


||(O a #(ft + H 3 )G ! i(-,f)IU> 




(5). 


\\(-rd i A(;t)\\^<ct-^- 


' i — 1 1 n 
L 2 J 2 


(6). 


IKO^Cft + H^iMIU* 





where [•] is Gauss' symbol. 

Proof. By using lemma 12.11 and lemma 12.21 we give the proof. 
(1). As I = 0, 

\Cx(0G(U)\ < C\^ a ke-f 1^ < Cr^+\ 

As / = 1, 

irx(o^,t)i < qei H (i + iei 2 t) e -f i«i 2 ' < cr^. 

For h > 1, as I — 2h, 

\^ X (0d? h G(^t)\B = \exmom 2h )G^,t) + 0(\^ h )G t ^t)}\ 

< c\c\ lal+2h (t + 1 + \c\ 2 t)e-f i«i 2 ' < cr J t I - h+1 ) 

\^x(0d? h G(^t)\ B c = |rx(0{O(|e| 4?i - 2 )G(e,t) + O(|e| 4?i - 2 )G t (e,t)}| 

< crf- 2 ^ 2 < cr^- h+1 - 
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as I = 2h + 1, 

\exm h+1 G(u)\ B =irx(0{o(iei 2?i+2 )G'(e,t) + o(iei 2?i )G,(e,t)}i 
\exm h+1 G(u)\ B c =irx(0{o(iei 4A )G(e,t) + o(iei 4ft )^(e,t)}i 

< < ct-^- h . 

Thus (1) is proved. 
(2). As I = 0, 

irx(0(9 t + iei 2 Me,t)i < + mH) e ~^ 2t < ct-^. 

As / = 1, 

irx(o^(ft + \i?)G{^t)\ = \cx(oeM,t)\ < ct-^. 

As I = 2, 

irx(0#(a + iei 2 )G(e,t)i = irx(o^(e,t)i < cr^- 1 . 

For /i > 1, as I = 2h + 1, 

irx(05f +1 (^ + iei 2 )G(e,t)iB 

= iex(0{o(iei 2ft+2 )G(?,t) + o(iei 2ft+2 )G,(e,t)}i 

iex(09f +1 (^ + iei 2 )G(e,t)| B c 

= iex(0{o(iei 4fc )G«,*)+o(iei 4h )G t (e,*)}i 

as / = 2/i + 2, 

irx(o^f +2 (^ + iei 2 )G(e,t)iB 

= iex(0{o(iei 2/i+4 )G(e,t) + o(iei 2ft+2 )G t (e,t)}i 



\Cx(Od? h+ \d t + \tf)G(t,t)\ Bc 

= iex(0{o(iei 4ft+2 )G(e,t) + o(iei 4ft+2 )G,(e,t)}i 



< Ct~2- 2h < Ct 



2h / n+-^-h-l 



Thus (2) is proved. 
(3). As I = 0, 



a Gi(-,0llL" =(/.-l€°x(OG ! (e,0l 2 de) 4 



<crT+i-t. 

As / = 1, 

<^(AJ?i 2H (i + iei 2 t) 2 e - m| ^o^ 

< cr^-f . 

For h > 1, as Z = 2/i, 

= (/Biex(0{o(iei 2fc )G(^o+o(i$i 2fc )G*(e,t)}i 2 de 

+ / flo iex(0{O(|e| 4/l - 2 )G(?, t) + 0(K| tt - 2 )G t & t)}\*d£)t 

as Z = 2/i + 1, 

||(-) a ^' l+1 Gi(-,*)|| L 2 

= (j B \z a xmom 2h+2 m,t) + o^n^,*)}^ 
+ f B c irx(0{o(iei 4A )G(e, o + oaen&tf, 



Thus (3) is proved. 
(4). As I = 0, 



+ i • i 2 )Gi(-,*)iu 2 = (/,„ ie*x(0(ft + iei 2 )G(e,t)i 2 de)i 



< 6 1 2 4 . 

As I = 1, 

iK-wa + i • i 2 )£i(-,*)iu 2 = (/ R „ ie*x(0ft(ft + iei 2 )^,*)i 2 de)' 

= (/ H -iex(os?Gu,t)i 2 de)i 

As / = 2, 

||(O a TO + 1 • l 2 )Gi(-,*)|| L2 = (/ R „ \t a x(0dM + |£| 2 )G(£,i)| 2 ^ 

= (/ R -iex(os?G t (e,t)i 2 de)i 

For h>l,asl = 2h + l, 

IKO^^ + l-nGiO,*)!^ 

= (L icx(mo(ier +2 Me, o + oaer 4 - 2 )^, *)>i 2 ^e 
+ Jbc iex(0{o(iei 4/i )G'(e, o + o(\zr)G t (t, t)}\*dt)t 

<ct-^- h -T- 

as Z = 2h + 2, 

IKO^^ + I-I 2 )^-,*)!^ 

= (Lirx(0{o(iei 2,i+4 )G'(e,t) + o(iei 2?i+2 )G,(e,t)}i 2 ^ 
+ irx(0{o(iei 4?i+2 )G(e, o + oaer +2 )G^, t)>i 2 ^)* 



Thus (4) is proved. 
(5). As I = 0, 



<cr^ +1 -t. 

As Z = 1, 

a $Gi(.,t)n L i =/ RB iex(0^,t)|de 



< Ct 2 2 . 



For /i > 1, as I = 2h, 



= I B \Fx(Z){0(\tnG{t, t) + 0(\t\*)G t & t)M 

+ iso \?*x(t){o(\tr- 2 )G(t, t) + o(\tr->)G t (t, WW 

asl = 2h + l, 

rd^G^-Mv 



= is \z a x(0{o(\e h+2 )G(u) + o(\zn6 t (t,t)}\dt 
+ Sbc \?*x(z){o(\znG(z, t) + o{\znG t & 

<ct-^- h -%. 

Thus (5) is proved. 
(6). As I = 0, 

m + 1 • i 2 )Gi(-,t)ii L1 = / RB iex(0(^ + \a\ 2 )G(uM 



< Ct 2 2 . 

As / = 1, 

+ | • | 2 )Gi(-,f)IUi = / RB \C a x(0dt(d t + \C\ 2 )G(U)\ 2 ^ 

<cr^-t. 



As I = 2, 

For h>l,asl = 2h + l, 

IKO^^ + l-nGiO,*)!!^ 

= / B iMO^dei 2 ^ 2 )^,*) + o(iei 2ft+2 )^(e,t)}i^ 

as / = 2h + 2, 

IKO^^ + l-nGiO,*)!^ 

= / fl iex(0{O(|C| 2 ' l+4 )G'(e, f) + 0(\t\™)G t (Z, t)}\d£ 

+ Sbc \z a x(0{om Ah+2 m, t) + o(iei 4ft+2 )G,(e, 

Thus (6) is proved. □ 

3 L p — L q estimates 

The first result is the following theorem. 

Theorem 3.1 Assume that u , u\ G L p {R n ),n > 3, and there exists a con- 
stant r > 2, such that suppw , suppwi C D r , then for any multi-index a and 
non-negative integer I, we have that, 

(1). If p G [1,2), it holds that, Vg G [^,+oo], 

||d£a[<,*)|| L , < cr ^ -[2]-2("^)|| Mo || iP + cr ^ -[—]-2(p-^)|| Ml || Lp; 
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(2). Ifp = 2, it holds that, Vg e [2, +00], 

WAui-ML, < cr^-^^\\u Q \y + cr¥-[¥]-f(i4)|| Wl | Ua . 



where \\ ■ \\ LP = \\ ■ \\ L p(t^)- 
Proof. Since suppwo, suppwi C D r , from (12. 4p we have that 

= (ft + K| 2 )6 x (&t)fio(0 + Gi(e,«)fii(0, 

it yields that 

u(x, t) = (d t — A)Gi * Uo(x, t) + G\ * u\(x, t). 
(1). Denote 1 + - = - + -. If g > then p > 2. In view of lemma [231 



1 P P' H — 2-P 

Young inequality and interpolation formula, we have that, 

\\d«d\u{.,t)\\L« 

< \\d%& t {d t - A)G 1 * U (;t)\\L, + Wd^G, * Ul (;t)\\ Lq 

< \\d%d l t (d t - A)Gi(.,f)|U,||tio||i> + ||^G 1 (.,t)|| L p||t* 1 ||xp 



< ||^(ft-A)G 1 (.,t)||^||^(ft-A)G 1 (-,t)|| L 7||n || LP 
+ ||^G 1 (-,t)||| 2 ||^G 1 (-,t)||ri||^i|U, 

< CU-rm + I • | 2 )Gi(-,t)||| 2 ||(-)^(ft + I • | 2 )Gi(-,t)|li7lKIU* 



+C||(-)^Gi(-,t)||f 2 ||(-)^G 1 (-,t)||^- i rUl || LP 

< cr^- [ ^ {x -^\u Q \\ L v + cr^- [ ^ ] -^ {1 -^\ [ u yU r 

\a\ r ii n/1 |a| ri— li n/1 1\, 

= ct---^ ] -^-^\\ Uo \\ LP + c7r^~ [ T- ] -^ ( F-^||-« L || L ,.. 

Thus (1) is proved. 
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(2). By using lemma |2~31 and Young inequality, we have that 

< W x d\{dt - A)G X * uo(-,t) \\loo + H^ajGx * t) |U« 

< ||^(ft-A)Gi(.,t)llii»ll«o||L> + ||^G 1 (.,OllL»||«i||L» 

= + 1 ■ nc-xMiMMb + ||(0 a 3&M)IMMlL> 

< crM-t + cr¥-[¥i-f || Ml || i2 . 

< - a)Gi * uo(-,*)||l. + \\azdiGi * «i(-,t)iu> 

= \\(-) a d l M + | • | 2 )Gi(-,t)M ||L2 + U-rdlG^-^Wv 

< \\(-rm + I • \ 2 )G 1 (;t)\\^\\u \\^ + ||(.) a ^ 1 (.,t)||Lo-||«l||L> 

<Ct-^-^\u \\ L 2 + Ct-^-^\\ Ul \\ L ,. 
By using interpolation formula, we have that, for q G [2, oo], 

ii^«o,*)iiw < ii^<,t)ii| 2 |i^(.,i)nii 

q| ril n./l 1\ |t»| ri — li n / 1 1 \ 

Thus (2) is proved and so the theorem is proved. □ 

4 L 1 — L°° estimates 

In the last section we have some good results by assuming the Fourier trans- 
form of the initial data have special compact support. In this section we 
intend to obtain the L 1 — L°° decay estimates without the assumption of 
compact support. 

Denote G 2 (f,t) = (1 - X (S))Gfot), then Gfot) = G^t) + G 2 (f,t). 
Denote u(x, t) = v(x,t) +w(x,t), where v(x,t) and w(x, t) satisfying 

KU) = (dt + \e)Gi^t)u (0 + Gi(e,t)fii(0 
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By direct calculation we have that 

t& = (1 - x(0)[^(e A+t + e A -* + \eG)u + Gfix]. 
Since x £ C^°(R n ), suppx C A-+i an d xIa- = 1) we nave that 

||t&(-,t)II^CR-) <LJl(e A+i + e A -'+iei 2 G(e,t))M0i + G(e,t)i«i(0i]^ 

+i/^e^*i^(oide+iLciei 2 G(e,*)|fio(Oide 

Next we come to estimate the six terms respectively, where we will use 
the facts that A + < - if £ G D^. 
If $e£, then < 

Lc r n E e X+t \uo(0\dti < J^^MOK 

r I > I / ^^IK n 

< Ct~2 Huollw^+MfRn). 

If£G£ c , then |£| 2 < 2 1 1 2 • 

Idchec e x+t \u (CM < J D c nE c e-%\u (0\dZ 

< Lc nEC -r^srde su P {(i + len^Moi) 

<Ce-f||«o|| 
Since A_ < e~^~*, V£ G D r c , 

/ e A -*|«o(0|de< / e-^*|iio(OI^<Crt|| W o||Li(M"). 
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Since |£| G < Ce x+ , V£ G by the previous calculation we have that 
\Z\ 2 G(U)\MSM <C f e A +*|« (OI^ < cH|K||w- + M (Rn) . 
Since G<^,V£eZ£ 

f DCrnE G(u)MO\dt; 



D^nE A i" 1 ^'! 15 — ^ JD^nE |£'| 2 

< c /D f nE e ^ f irwp)^ su P {ier 3 (i + imMOD 



< Ct 2 ||'Uo||w«-i,i(]ii»). 
Since G < te A +',V£ G 

J^ nBc G(e,t)iui(OI^ < foonBte^'MtM 

By combining the six inequalities, we obtain that 

||«K-,t)||£l(Rn) < Gt _ 5||( Wo?Ml )|| l4/n+1 , 1(]Rn) . 

It yields that 

lk(-,^)IU~(R™) < Ct~*\\(u ,Ui)\\w"+i.i(S»). 

From theorem 13.11 we know that v(x,t) satisfies, 
Since n > 3, the solution u(x, t) to the equation ( 11. ip satisfies, 

||«(*5 *)|U°°(K») < Ct~2 || («0j Ml)||vr»+M(Rn). 

Thus we obtain the following decay estimate. 

Theorem 4.1 Assume that u , u\ G W n+1 ' 1 (W l ), n > 3, i/ien the solution 
u(x,t) to the equation U.l\) satisfies, 



|w(-,*)IU«»(R») < Ct 2 ||(u , 
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